
South East Asian J. of Mathematics and Mathematical Sciences
Vol. 22, No. 1 (2026), pp. 125-142

DOI: 10.56827/SEAJMMS.2026.2201.9 ISSN (Online): 2582-0850

ISSN (Print): 0972-7752

CERTAIN INTEGRAL TRANSFORM OF PATHWAY
FRACTIONAL INTEGRAL OPERATOR ASSOCIATED WITH

THE PRODUCT OF (p, q)-EXTENDED BESSEL FUNCTION AND
GENERALIZED k-STRUVE FUNCTION

Riyaz Khan and Hemlata Saxena

Department of Mathematics,
Career Point University,

Kota - 325003, Rajasthan, INDIA

E-mail : khan.riyazz84@gmail.com, saxenadrhemlata@gmail.com

(Received: Sep. 07, 2025 Accepted: Mar. 13, 2026 Published: Apr. 30, 2026)

Abstract: Motivated by a recent work on Pathway fractional integral operator
associated with the generalized k-Struve function,this paper establishes five theo-
rems by using Pathway fractional integral operator involving the product of the
(p, q)-Extended Bessel function and Generalized k-Struve function, supported by
several auxiliary lemma. The results are expressed in terms of the r+kFs+k and
generalized k-Wright function rψs

k.Some new and known results are also obtained
in special cases of main results. Then, their certain Integral transforms including
Jafari transform via Pathway Fractional Integral formulas Involving Product of
(p, q)-Extended Bessel function and Generalized k-Struve Function.
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1. Introduction
The fractional calculus is a field of applied mathematics that deals with the

fractional derivative and integrals of arbitrary orders.Fractional calculus operators
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are studied extensively due to their importance in applied problems of science and
engineering. Special functions such as the Bessel function and the generalized k-
Struve function play a significant role in solving many problems related to wave
propagation, heat conduction, and mathematical modeling. In recent years, several
researchers have investigated different integral transforms associated with special
functions. Motivated by these developments, the present paper studies the path-
way fractional integral operator associated with the product of the (p,q)-extended
Bessel function and the generalized k-Struve function. In this paper we will estab-
lish integral transform of new fractional calculus formulas involving some various
special functions. The Pathway fractional integral operator involving some special
functions defined (see also [26], [19], [20]) thus. As a new member of the family
of general integral transforms. Consequently, numerous researchers and scientists
have been consistently engaged in this evolving field, with the aim exploring and
under standing the implications of these changes [18].

The Riemann-Liouville Fractional integral Operator. Let ϕ(z) ∈ L(m,n),
λ ∈ C,ℜ(λ) > 0,then the Riemann-Liouville Fractional integral operator is given
by as (

Iλ0+ϕ
)
z =

1

Γ(λ)

∫ z

0

(z − u)λ−1ϕ(u)du, (1.1)

where ℜ(λ)denotes the real part of λ. We refer to Kiryakova et.al. [13].

Pathway Fractional Integral Operators. The pathway modal is developed by
Mathai [15] and studied further by Mathai and Haubold (see also [16], [17]) and
introduced by Pathway Fractional Integral operators in Nair [23].

Definition 1.1. Let ϕ(z) ∈ L(m,n), λ ∈ C,ℜ(λ) > 0,m > 0 and let us take
a “pathway parameter” λ < 1. Then the pathway fractional integral operator, as
extension of (1.1), is defined by as follows:

(
P

(ζ,λ)
0+

ϕ
)
z = xζ

∫ [ z
m(1−λ) ]

0

[
1− m(1− λ)u

z

] ζ
1−λ

ϕ(u)du. (1.2)

For a real scalar λ, the pathway modal for scalar random variables is represented
by the following probability density functions:

ϕ(z) = c|z|t−1
[
1−m(1− λ) | z |h

] q
1−λ , (1.3)

provided that −∞ < z <∞;h > 0; g ≥ 0;
[
1−m(1− λ)|z|h

]
> 0 and t > 0, where

is l the normalizing constant and λ is called the pathway parameter [21].
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For more details on the pathway model, the reader is invited to consider references
(see also [2], [14], [5], [1], [27], [24]).

Remark 1.1. When λ → 1−,
[
1− m(1−λ)k

z

] ζ
(1−λ) → e−

mζ
z

k. Then, pathway frac-

tional integral operator (1.2), we get(
P

(ζ,1)
0− ϕ

)
z = xζ

∫ ∞

0

e−
mζ
z

kϕ(k)dk = xζL

[
ϕ(
mζ

z
)

]
, (1.4)

that is, it reduces to the Laplace integral transform of f with parameter mζ
z
:

L [ϕ(z)] =

∫ ∞

0

e−zkϕ(k)dk. (1.5)

Remark 1.2. When λ = 0,m = 1, then replacing ζ by ζ − 1 in (1.2), we get∫ z

0

(z − k)ζ−1ϕ(k)dk = Γ(ζ)
(
Iζ0+ϕ

)
z (1.6)

and reduces to the left-sided Riemann-Liouville fractional integral Iζ0+ in (1.1).

Generalized k-Struve function. Nisar et. al. [22] defined by the generalized
k-Struve function in the following manner:

Sk
v,c(t) =

∞∑
n=0

(−c)n

Γk

(
nk + v + 3k

2

)
Γ
(
n+ 3

2

) ( t
2

)2n+ v
k
+1 (

k ∈ ℜ+; c ∈ ℜ; v > −1
)
(1.7)

where the generalized k-Struve function Sk
v,c(t) convergence for all complex values

of t for details by Khan et. al. [12].

Proposition 1.1. The k-Gamma function defined by Daiz et. al. [8] in the
following manner:

Γk(z) =

∫ ∞

0

tz−1e−
tk

k dt, z ∈ C, k > 0 (1.8)

Proposition 1.2. If z ∈ C and k ∈ ℜ, then the following identity is true

Γk (z + k) = zΓk (z) (1.9)

and
Γk(z) = k

z
k
−1Γ

(z
k

)
(1.10)
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Remark 1.3. If we taking k → 1 and c = 1 in Eq. (1.7) reduces to well-known
Struve function of order v defined by [4] as

Hv(z) =
∞∑
r=0

(−1)r

Γ
(
r + v + 3

2

)
Γ
(
r + 3

2

) (z
2

)2r+v+1

(1.11)

Remark 1.4. If we taking c = −1 and k = 1 in (1.7), then we get modified Struve
function of order v defined by [4] as

Lv(z) =
∞∑
r=0

1

Γ
(
r + v + 3

2

)
Γ
(
r + 3

2

) (z
2

)2r+v+1

(1.12)

The relation between generalized k-Struve function, cosine and sine function is as
follows ([22], pp.1270, eq.(10), eq.(11), eq.(12) and eq.(13)):

1− cos

(
ϖz√
k

)
=
ϖ

k

√(πz
2

)
Sk

k
2
,ϖ2(z) (1.13)

cosh

(
ϖz√
k

)
− 1 =

ϖ

k

√(πz
2

)
Sk

k
2
,−ϖ2(z) (1.14)

sin

(
ϖz√
k

)
= ϖ

√(πz
2k

)
Sk
− k

2
,ϖ2(z) (1.15)

sinh

(
ϖz√
k

)
= ϖ

√(πz
2k

)
Sk
− k

2
,−ϖ2(z) (1.16)

For further study about Struve functions and properties, the interesting can be
refereed reader to (see also [25], [31]).

(p, q) - Extended Bessel function. The (p, q)-extended Bessel function Jν,p,q(z)
of the first kind of order ν is defined as follows [28].

Jν,p,q(z) =

√
π

Γ(ν + 1)

∞∑
m=0

(−1)mB(m+ 1
2
, ν + 1

2
; p, q)

m!Γ(m+ 1
2
)B(1

2
, ν + 1

2
)

(z
2

)2m+ν

(1.17)

Where min {ℜ(p),ℜ(q)} ≥ 0 and ℜ(ν) > −1 when p = q = 0.

Proposition 1.3. The (x, y)-extended Beta function defined by Choi et. al. [7] in
the following manner as:

B (u,w;x, y) =

∫ 1

0

tu−1(1− t)w−1e(−
x
t
− y

1−t
) (1.18)
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(min{ℜ(u),ℜ(w)} > 0;min {ℜ(x),ℜ(y)} ≥ 0)

It should be remarked here that the existing literature on the subject contains
much more general extensions of the classical Beta function, especially in the case
when x = y.
For x = y = 1, the (x, y)-extended Bessel function of the first kind Jν,x,y(z) and
the (x, y)-extended Beta function B(u,w;x.y) reduces Bessel function Jν(z) of the
first kind and the classical Beta function B(x, y), respectively.

(p, q)-Extended Gauss hypergeometric function. The (p, q)-extended Gauss
hypergeometric function Fp,q is defined as follows [7]:

Fp,q(u, v;w; z) =
∞∑
n=0

(u)n
B(v + n,w − v; p, q)

B(v, w − v)

zn

n!
(1.19)

where |z| < 1 and ℜ(w) > ℜ(v) > 0.

(p, q)-Extended Generalized hypergeometric function. The (p, q)-extended
generalized hypergeometric functions is defined as follows (see also [11], pp.621,
eq.(2.8)):

r+kFs+k

[
a1, ...., ar, Ai, ...., Ak;
ci, ....cs, C1, ...., Ck;

z; p, q

]
=

∞∑
n≥0

∏r
j=1(aj)n∏s
j=1(cj)n

k∏
j=1

B(Aj + n,Cj −Aj ; p, q)

B(Aj , Cj −Aj)

zn

n!

(1.20)

The special case of the (p, q)-extended generalized hypergeometric function ; when
e.g. k = r = s + 1 = 1; and a fortiori a1 = a,A1 = b, C1 = c becomes the already
known (p, q)-extended Gaussian hypergeometric function (see also [6], [7]).

Generalized Wright Function and k- Wright Function. The generalized
Wright function defined by ([29], [30]) in the following manner as:

rψs(x) =rψs

[
(ai, Ci)1,r;
(bi, Di)1,s;

x

]
=rψs

[
(a1, C1), (a2, C2), ..., (ar, Cr);
(b1, D1), (b2, D2), ..., (bs, Ds);

x

]
=

∞∑
n=0

∏r
i=1 Γ(ai + nCi)∏s
j=1 Γ(bj + nDj)

xn

n!
, x ∈ C

=
∞∑
n=0

Γ(a1 + nC1)Γ(a2 + nC2).....Γ(ap + nCp)

Γ(b1 + nD1)Γ(b2 + nD2).....Γ(bq + nDq)

xn

n!
, x ∈ C (1.21)



130 South East Asian J. of Mathematics and Mathematical Sciences

Gehlot et. al. [9] defined by the generalized from of the above Wright function in
Eq.(1.21), named as generalized K-Wright function is defined as follows:

rψ
k
s (x) =rψ

k
s

[
(ai, Ci)1,r;
(bi, Di)1,s;

x

]
=rψ

k
s

[
(a1, C1), (a2, C2), ..., (ar, Cr);
(b1, D1), (b2, D2), ..., (bs, Ds);

x

]
=

∞∑
n=0

∏r
i=1 Γk(ai + nCi)∏s
j=1 Γk(bj + nDj)

xn

n!
, x ∈ C

=
∞∑
n=0

Γk(a1 + nC1)Γk(a2 + nC2).....Γk(ar + nCr)

Γk(b1 + nD1)Γk(b2 + nD2).....Γk(bx + nDs)

xn

n!
, x ∈ C (1.22)

Integral Transforms. We introduce basic definition of the certain integral trans-
forms as Jafari transform.

Definition 1.2. The Jafari transform T (σ) of ν(t) is defined as follows [10]:

T{ν(t), σ} = T (σ) = h(σ)

∫ ∞

0

ν(t)e−g(σ)tdt = R (h(σ), g(σ)) , (1.23)

where ν(t) be a integrable function defined for t ≥ 0, h(σ) ̸= 0 and g(σ) and integral
exists for some g(σ).

Some Required Lemma. The required lemmas defined by Baleanu et.al. [3] in
the following manner as:

Lemma. Let ζ ∈ C,ℜ(ζ) > 0, τ ∈ C and λ < 1.If ℜ(τ) > 0 and ℜ( ζ
1−λ

) > −1,
then (

P
(ζ,λ)
0+

[tτ−1]
)
(x) =

xζ+τ

[m(1− λ)]τ
Γ(τ)Γ(1 + ζ

1−λ
)

Γ(1 + ζ
1−λ

+ τ)
(1.24)

2. Pathway Fractional Integration Involving the Product of (p, q)-Extended
Bessel function and Generalized k-Struve function

In this section, we present certain pathway fractional integration formulas in-
volving the product of (p, q)-Extended Bessel function and Generalized k-Struve
function by using Pathway fractional integral operators are established here as
some auxiliary five theorems.

Theorem 2.1. Let the parametric constraints ζ, τ, v, c ∈ C and λ < 1 be such
that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k

2
and ℜ( τ

1−λ
) > −1, then the following result is
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given by:(
P

(ζ,λ)
0+

[
tτ−1Jν,p,q(t

µ)Sk
v,c(t)

])
(x) =

xζ

Γ(ν + 1)

1

k
v
k
+ 1

2

1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
(

x

m(1− λ)

)τ+ v
k
+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]

×2ψ3

[
(τ + v

k
+ 2nµ+ µν + 1, 2), (1, 1) ;

(τ + v
k
+ 2nµ+ µν + ζ

1−λ
+ 2, 2), ( v

k
+ 3

2
, 1), (3

2
, 1) ;

− x2c

4km2(1− λ)2

]
(2.1)

Proof. We denotes the left-hand sides of theorem (2.1) by ∆,

∆ =
(
P

(ζ,λ)
0+

[
tτ−1Jν,p,q(t

µ)Sk
v,c(t)

])
(x) (2.2)

Using formula (1.7) and (1.17) in the right -hand side of Eq.(2.2) then change the
order of the Pathway fractional integration and summation, we find that

∆ =

√
π

Γ(ν + 1)

∞∑
n=0

(−1)nB(n+ 1
2
, ν + 1

2
; p, q)

n!Γ(n+ 1
2
)B(1

2
, ν + 1

2
)

(
1

2

)2n+ν

×
∞∑
r=0

(−c)r

Γk

(
rk + v + 3k

2

)
Γ
(
r + 3

2

)
×
(
1

2

)2r+ v
k
+1

×
(
P

(ζ,λ)
0+

[
tτ+2nµ+µν+ v

k
+2r+1−1

])
(x) (2.3)

On applying lemma (1.24) in Eq.(2.3),we get

∆ =xζ+τ+µν+ v
k
+1

(
1

2

)ν+ v
k
+1

× 1

[m(1− λ)]τ+µν+ v
k
+1

×
√
π

Γ(ν + 1)

×
∞∑
n=0

B(n+ 1
2
, ν + 1

2
; p, q)

n!Γ(n+ 1
2
)B(1

2
, ν + 1

2
)

(
− x2µ

4m2µ(1− λ)2µ

)n

×
∞∑
r=0

1

Γk

(
rk + v + 3k

2

)
Γ
(
r + 3

2

) ( −cx2

4m2(1− λ)2

)r

×
Γ
(
τ + v

k
+ 2nµ+ µν + 2r + 1

)
Γ
(
1 + ζ

1−λ
+ τ + v

k
+ 2nµ+ µν + 2r + 1

)Γ(
1 +

ζ

1− λ

)
(2.4)
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Now using Eq. (1.10) in (2.4), we get

∆ =xζ+τ+µν+ v
k
+1 1

k
v
k
+ 1

2

(
1

2

)ν+ v
k
+1

× 1

[m(1− λ)]τ+µν+ v
k
+1

Γ

(
1 +

ζ

1− λ

)
×

√
π

Γ(ν + 1)
× 1√

π
×

∞∑
n=0

B(n+ 1
2
, ν + 1

2
; p, q)

n!
(
1
2

)
n
B(1

2
, ν + 1

2
)

(
− x2µ

4m2µ(1− λ)2µ

)n

×
∞∑
r=0

1

Γ
(
r + v

k
+ 3

2

)
Γ
(
r + 3

2

) ( −cx2

4km2(1− λ)2

)r

×
Γ
(
τ + v

k
+ 2nµ+ µν + 2r + 1

)
Γ
(
1 + ζ

1−λ
+ τ + v

k
+ 2nµ+ µν + 2r + 1

) (2.5)

Now using Eq.(1.20) in Eq.(2.5) ,then we get

∆ =xζ+τ+µν+ v
k
+1 × 1

k
v
k
+ 1

2

(
1

2

)ν+ v
k
+1

× 1

[m(1− λ)]τ+µν+ v
k
+1

× Γ

(
1 +

ζ

1− λ

)
× 1

Γ(ν + 1)
× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×

∞∑
r=0

Γ(r + 1)

Γ
(
r + v

k
+ 3

2

)
Γ
(
r + 3

2

)
r!

(
−cx2

4km2(1− λ)2

)r

×
Γ
(
τ + v

k
+ 2nµ+ µν + 2r + 1

)
Γ
(
1 + ζ

1−λ
+ τ + v

k
+ 2nµ+ µν + 2r + 1

) (2.6)

Using the definition of (1.22) in (2.6), we at once arrive at the desired result in
(2.1).

Theorem 2.2. Let the parametric constraintsζ, τ, v, c ∈ C and λ < 1, |1
t
| ≤ 1 be

such that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k
2

and ℜ( τ
1−λ

) > −1 ,then the following result
is given by:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ)

(
1− cos

(
ϖt√
k

))])
(x) = xζ

ϖ
√
π

4k2Γ(ν + 1)
×
(σ
2

)ν

(
x

[m(1− λ)]

)τ−µν+2

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×2ψ3

[
(τ − 2nµ− µν + 2, 2), (1, 1) ;

(τ − 2nµ+ µν − ζ
1−λ

+ 3, 2), (2, 1), (3
2
, 1) ;

− ϖ2x2

4km2(1− λ)2

]
(2.7)
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Theorem 2.3. Let the parametric constraints ζ, τ, v, c ∈ C and λ < 1, |1
t
| ≤ 1 be

such that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k
2

and ℜ( τ
1−λ

) > −1, then the solution of the
following formula is given by :(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ)

(
cosh

(
ϖt√
k

)
− 1

)])
(x) = xζ

ϖ
√
π

4k2Γ(ν + 1)
×
(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+2

Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×2ψ3

[
(τ − 2nµ− µν + 2, 2), (1, 1) ;

(τ − 2nµ+ µν − ζ
1−λ

+ 3, 2), (2, 1), (3
2
, 1) ;

ϖ2x2

4km2(1− λ)2

]
(2.8)

Theorem 2.4. Let the parametric constraintsζ, τ, v, c ∈ C and λ < 1, |1
t
| ≤ 1 be

such that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k
2

and ℜ( τ
1−λ

) > −1, then the following result
is given by:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ)sin

(
ϖt√
k

)])
(x) = xζ × ϖ

2Γ(ν + 1)

√
π

k

(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+1

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×1ψ2

[
(τ − 2nµ− µν + 1, 2) ;

(τ − 2nµ− µν − ζ
1−λ

+ 2, 2), (3
2
, 1) ;

− ϖ2x2

4km2(1− λ)2

]
(2.9)

Theorem 2.5. Let the parametric constraintsζ, τ, v, c ∈ C and λ < 1, |1
t
| ≤ 1 be

such that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k
2

and ℜ( τ
1−λ

) > −1, then the following result
is given by:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ)sinh

(
ϖt√
k

)])
(x) = xζ × ϖ

2Γ(ν + 1)

√
π

k

(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+1

Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×1ψ2

[
(τ − 2nµ− µν + 1, 2) ;

(τ − 2nµ− µν − ζ
1−λ

+ 2, 2), (3
2
, 1) ;

ϖ2x2

4km2(1− λ)2

]
(2.10)

The proof of Theorem 2.2, 2.3, 2.4 and 2.5 are developed following the similar lines
as to prove the Theorem 2.1 respectively in view of the definitions of generalized
k-struve function and (p, q)-Extended Bessel function defined in (1.7) and (1.17).
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3. Main Results
In this section, we apply the results involving previous sections using Jafari

transform. The results are based on the definition of the Jafari transform given in
(1.23).

Theorem 3.1. Let the parametric constraints ζ, τ, v, c ∈ C, h(σ) and g(σ) are
positive real numbers but (σ) ̸= 0 and λ < 1 be such that ℜ(ζ) > 0,ℜ(τ) > 0, v >
−3k
2

and ℜ( τ
1−λ

) > −1.The above condition ensures the convergence of the series
representation and guarantees the validity of the obtained integral transform, then
the below mentioned Jafari transformation holds true:

T
[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(t
µ)Sk

v,c(tz)
ξ}(x)

]
=
h(σ)

g(σ)

xζ

Γ(ν + 1)
× 1

k
v
k
+ 1

2

× 1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
×

(
x

m(1− λ)

)τ+ v
k
+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×3ψ3

[
(τ + v

k
+ 2nµ+ µν + 1, 2), (1, 1), (1, ξ) ;

(τ + v
k
+ 2nµ+ µν + ζ

1−λ
+ 2, 2), ( v

k
+ 3

2
, 1), (3

2
, 1) ;

− x2+ξc

4kg(σ)ξm2(1− λ)2

]
(3.1)

Proof. We denotes the left-hand sides of theorem (3.1) by Ω,

Ω = T
[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(t
µ)Sk

v,c(tz)
ξ}(x)

]
(3.2)

Using definition of (1.23) in the right -hand side of Eq.(3.2), we find that

Ω = h(σ)

∫ ∞

0

e−g(σ)z
[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(t
µ)Sk

v,c(tz)
ξ}(x)

]
dz (3.3)

On applying the result (2.1) in Eq.(3.3), we get

Ω = h(σ)

∫ ∞

0

e−g(σ)z × xζ

Γ(ν + 1)

1

k
v
k
+ 1

2

1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
(

x

m(1− λ)

)τ+ v
k
+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
∞∑
r=0

Γ(r + 1)

Γ
(
r + v

k
+ 3

2

)
Γ
(
r + 3

2

) Γ (τ + 2r + 2− 2nµ− µν)

Γ
(
1 + ζ

1−λ
+ τ − 2nµ− µν + 2r + 2

)
(

−cx2+ξ

4km2(1− λ)2

)r

zξrdz (3.4)
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Now interchanging the order of integration and summation in Eq.(3.4), then we
get

Ω =h(σ)
xζ

Γ(ν + 1)
× 1

k
v
k
+ 1

2

× 1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
×
(

x

m(1− λ)

)τ+ v
k
+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×

∞∑
r=0

Γ(r + 1)

Γ
(
r + v

k
+ 3

2

)
Γ
(
r + 3

2

) Γ (τ + 2r + 2− 2nµ− µν)

Γ
(
1 + ζ

1−λ
+ τ − 2nµ− µν + 2r + 2

)
r!

×
(

−cx2+ξ

4km2(1− λ)2

)r

×
∫ ∞

0

e−szz1+ξr−1dz (3.5)

Ω =
h(σ)

g(σ)

xζ

sΓ(ν + 1)
× 1

k
v
k
+ 1

2

× 1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
×
(

x

m(1− λ)

)τ+ v
k
+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×

∞∑
r=0

Γ(r + 1)Γ(1 + ξr)

Γ
(
r + v

k
+ 3

2

)
Γ
(
r + 3

2

) Γ (τ + 2r + 2− 2nµ− µν)

Γ
(
1 + ζ

1−λ
+ τ − 2nµ− µν + 2r + 2

)
r!

×
(

−cx2+ξ

4kg(σ)ξm2(1− λ)2

)r

(3.6)

Using the definition of (1.22) in Eq.(3.6), we at once arrive the desired result in
(3.1).

Theorem 3.2. Let the parametric constraints ζ, τ, v, c ∈ C and λ < 1, |1
t
| ≤ 1 be

such that ℜ(ζ) > 0,ℜ(τ) > 0, v > −3k
2

and ℜ( τ
1−λ

) > −1. The above condition
ensures the convergence of the series representation and guarantees the validity
of the obtained integral transform,then the below mentioned Jafari transformation
holds true:

T

[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(σt
−µ)

(
1− cos

(
ϖtξzξ√

k

))
}(x)

]
=
h(σ)

g(σ)
xζ

ϖ
√
π

4sk2Γ(ν + 1)
×
(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+2

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×3ψ3

[
(τ − 2nµ− µν + 2, 2), (1, 1), (1, ξ) ;

(τ − 2nµ+ µν − ζ
1−λ

+ 3, 2), (2, 1), (3
2
, 1) ;

− ϖ2x2+ξ

4kg(σ)ξm2(1− λ)2

]
(3.7)
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Theorem 3.3. Let the parametric constraintsζ, τ, v, c ∈ C, h(σ) and g(σ) are
positive real numbers but (σ) ̸= 0 and λ < 1, |1

t
| ≤ 1 be such that ℜ(ζ) > 0,ℜ(τ) >

0, v > −3k
2

and ℜ( τ
1−λ

) > −1. The above condition ensures the convergence of the
series representation and guarantees the validity of the obtained integral transform,
then the below mentioned Jafari transformation holds true:

T

[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(σt
−µ)

(
cosh

(
ϖtξzξ√

k
− 1

))
}(x)

]
=
h(σ)

g(σ)
xζ

ϖ
√
π

4sk2Γ(ν + 1)
×
(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+2

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×3ψ3

[
(τ − 2nµ− µν + 2, 2), (1, 1), (1, ξ) ;

(τ − 2nµ+ µν − ζ
1−λ

+ 3, 2), (2, 1), (3
2
, 1) ;

ϖ2x2+ξ

4kg(σ)ξm2(1− λ)2

]
(3.8)

Theorem 3.4. Let the parametric constraints ζ, τ, v, c ∈ C, h(σ) and g(σ) are
positive real numbers but (σ) ̸= 0 and λ < 1, |1

t
| ≤ 1 be such that ℜ(ζ) > 0,ℜ(τ) >

0, v > −3k
2

and ℜ( τ
1−λ

) > −1. The above condition ensures the convergence of the
series representation and guarantees the validity of the obtained integral transform,
then the below mentioned Jafafi transformation holds true:

T

[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(σt
−µ)sin

(
ϖtξzξ√

k

)
}(x) : h, g

]
=
h(σ)

g(σ)
xζ× ϖ

2sΓ(ν + 1)

√
π

k

(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+1

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]

×2ψ2

[
(τ − 2nµ− µν + 1, 2), (1, ξ);

(τ − 2nµ− µν − ζ
1−λ

+ 2, 2), (3
2
, 1), ;

− ϖ2x2+ξ

4kg(σ)ξm2(1− λ)2

]
(3.9)

Theorem 3.5. Let the parametric constraints ζ, τ, v, c ∈ C, h(σ) and g(σ) are
positive real numbers but (σ) ̸= 0 and λ < 1, |1

t
| ≤ 1 be such that ℜ(ζ) > 0,ℜ(τ) >

0, v > −3k
2

and ℜ( τ
1−λ

) > −1. The above condition ensures the convergence of the
series representation and guarantees the validity of the obtained integral transform,
then the below mentioned Jafari transformation holds true:

T

[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(σt
−µ)sinh

(
ϖtξzξ√

k

)
}(x)

]
=
h(σ)

g(σ)
xζ × ϖ

2sΓ(ν + 1)

√
π

k

(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+1

× Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]



Certain Integral Transform of Pathway Fractional Integral Operator ... 137

×2ψ2

[
(τ − 2nµ− µν + 1, 2), (1, ξ) ;

(τ − 2nµ− µν − ζ
1−λ

+ 2, 2), (3
2
, 1) ;

ϖ2x2+ξ

4kg(σ)ξm2(1− λ)2

]
(3.10)

The proof of Theorem 3.2, 3.3, 3.4 and 3.5 are developed following the similar lines
as to prove the Theorem 3.1 respectively in view of the definitions of generalized
k-struve function , (p, q)-Extended Bessel function and Jafari transform defined in
(1.7),(1.17) and (1.23).

4. Applications
In this section, we obtained new and known results.

Corollary 4.1. If we put k = 1 and c = 1 in Theorem (2.1), then it reduces to the
following Struve function of order v, so we get the following results:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(t

µ)Hv(t)
])

(x) =
xζ

Γ(ν + 1)
× 1

2v+1+ν
Γ

(
1 +

ζ

1− λ

)

×
(

x

m(1− λ)

)τ+v+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×2ψ3

[
(τ + v + 2nµ+ µν + 1, 2), (1, 1) ;

(τ + v + 2nµ+ µν + ζ
1−λ

+ 2, 2), (v + 3
2
, 1), (3

2
, 1) ;

− x2

4m2(1− λ)2

]
(4.1)

Corollary 4.2. If we put k = 1 in Theorem (2.2), then it reduces to the following
classical Struve function of order v, so we get the following results:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ) (1− cos (ϖt))
])

(x) = xζ
ϖ
√
π

4Γ(ν + 1)
×
(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+2

Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
×2ψ3

[
(τ − 2nµ− µν + 2, 2), (1, 1) ;

(τ − 2nµ+ µν − ζ
1−λ

+ 3, 2), (2, 1), (3
2
, 1) ;

− ϖ2x2

4m2(1− λ)2

]
(4.2)

Corollary 4.3. If we put k = 1 in Theorem (2.4), then it reduces to the following
classical Struve function of order v, so we get the following results:(

P
(ζ,λ)
0+

[
tτ−1Jν,p,q(σt

−µ)sin (ϖt)
])

(x) = xζ × ϖ

2Γ(ν + 1)

√
π
(σ
2

)ν

×
(

x

[m(1− λ)]

)τ−µν+1

Γ

(
1 +

ζ

1− λ

)
× 1F2

[
1
2

1
2
, ν + 1

− σ2m2µ(1− λ)2µ

4x2µ
; p, q

]
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×1ψ2

[
(τ − 2nµ− µν + 1, 2) ;

(τ − 2nµ− µν − ζ
1−λ

+ 2, 2), (3
2
, 1) ;

− ϖ2x2

km2(1− λ)2

]
(4.3)

Corollary 4.4. If we put k = 1 and c = 1 in Theorem (3.1), then it reduces to the
following Struve function of order v, so we get the following results:

T
[
P

(ζ,λ)
0+

{tτ−1Jν,p,q(t
µ)Hv(tz)

ξ}(x)
]
=
h(σ)

g(σ)

xζ

Γ(ν + 1)
× 1

2
v
k
+1+ν

Γ

(
1 +

ζ

1− λ

)
×

(
x

m(1− λ)

)τ+v+µν+1

× 1F2

[
1
2

1
2
, ν + 1

− x2µ

4m2µ(1− λ)2µ
; p, q

]
×3ψ3

[
(τ + v + 2nµ+ µν + 1, 2), (1, 1), (1, ξ) ;

(τ + v + 2nµ+ µν + ζ
1−λ

+ 2, 2), (v + 3
2
, 1), (3

2
, 1) ;

− x2+ξ

4g(σ)ξm2(1− λ)2

]
(4.4)

Other known results are below:

• If we consider Jν,p,q(t
µ) = 1 and ρ = τ, η = ζ, α = λ and a = m . Theorem

(2.1) reduces to known result due to Kottakkaran Sooppy Nisar et.al. ([23],
pp.1269, eq. (8)).

• If we consider Jν,p,q(t
−µ) = 1, σ = 1 and ρ = τ, η = ζ, α = λ, γ = ϖ and

m = a Theorem (2.2) reduces to known result due to Kottakkaran Sooppy
Nisar et.al.([23], pp.1271, eq. (14)).

• If we consider Jν,p,q(t
−µ) = 1, σ = 1 and ρ = τ, η = ζ, α = λ, γ = ϖ and

m = a.Theorem (2.3) reduces to known result due to Kottakkaran Sooppy
Nisar et.al.([23], pp.1272, eq. (16)).

• If we consider Jν,p,q(t
−µ) = 1, σ = 1 and ρ = τ, η = ζ, α = λ, γ = ϖ and

m = a .Theorem (2.4) reduces to known result due to Kottakkaran Sooppy
Nisar et.al.([23], pp.1272, eq. (18)).

• If we consider Jν,p,q(t
−µ) = 1, σ = 1 and ρ = τ, η = ζ, α = λ, γ = ϖ and

m = a.Theorem (2.5) reduces to known result due to Kottakkaran Sooppy
Nisar et.al.([23], pp.1273, eq. (20)).

5. Conclusion
In present paper, our main objective was to apply the Jafari integral trans-

forms to a Pathway fractional integral operator involving the product of the (p, q)-
Extended Bessel function and Generalized k-Struve function. The importance of
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the study lies in the applications shown in Section-3. As in our present investi-
gation we have introduced and studied a Jafari transform. All the theorems and
corollaries of Section 2, 3 and 4 can be results for generalized k-Wright function
and (p, q) -extended Generalized hypergeometric function. We can simply obtain
various known and new results in applications.
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